4+1 dimensional homogeneous anisotropic string cosmological models by Mojaveri, B. & Rezaei-Aghdam, A.
ar
X
iv
:1
10
6.
17
95
v2
  [
he
p-
th]
  2
6 M
ar 
20
12
4+1 dimensional homogeneous anisotropic
string cosmological models
B. Mojaveri∗and A. Rezaei-Aghdam†
Department of Physics, Azarbaijan university of Tarbiat Moallem, 53714-161, Tabriz, Iran .
September 4, 2018
Abstract
We present exact solutions of string cosmological models characterized by five di-
mensional metrics (with four dimensional real Lie groups as isometry groups), space
independent dilaton and vanishing torsion. As an example we consider V II0 ⊕R model
and show that it is equivalent to the 4 + 1 dimensional cosmological model coupled to
perfect fluid with negative deceleration parameters (accelerating universe).
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1
1 Introduction
Some of the important problems of primordial cosmology such as, why is our universe four-
dimensional? why does a small vacuum energy-density seem to survive until today after
inflation? and other problems should find a satisfactory solution in the context of string
cosmology [1]. The dynamics of the very early universe below the string scale may have been
determined by the string effective action [2]. The idea that string theory, with its fundamental
length scale, could resolve the big bang singularity by effective limiting space-time curvature
has led, during the last decade, to a variety of models [3] where the big bang represent a
turning (rather than an end)-point in the history of the early Universe ( see also [4, 5]).
The general, spatially isotropic and homogeneous, FRW string cosmology is known and well
understood [6]. Furthermore, it is generally accepted that spatial anisotropy might have been
important in the very early universe and the study of the string cosmology models that relax the
FRW assumptions is therefore well motivated. The spatially homogeneous anisotropic Bianchi
cosmologies [7, 8, 9] have been studied previously and some inhomogeneous generalizations
of these models were presented [10]. Bianchi cosmologies admit a three-dimensional real Lie
group of isometries that acts simply-transitively on three-dimensional, space like orbits [11].
Some generalization of these models to models with four-dimensional real Lie groups was also
performed [12].
Here we present exact solutions of string cosmological models characterized by five dimen-
sional metric (with four dimensional real Lie group as isometry groups), a dilaton field and
vanishing torsion.
The paper is organized as follows. In section two, we review the homogenous anisotropic string
cosmology in d-dimension [9] and then obtain main equations in 4 + 1 dimension. After then
in section three, we obtain metrics over real four dimensional Lie groups. Subsequently, in
section four we solve and obtain exact solutions of equations of motions for 4 + 1 dimensional
homogenous anisotropic string cosmological models related to real four dimensional Lie alge-
bras. Finally in section five we consider example V II0⊕R and show that it is equivalent with
4 + 1 dimensional cosmological coupled to perfect fluid with negative decelerating parameters
(accelerating universe). Some concluding remarks including T - duality discussions are given
in section six.
2 Review of homogeneous anisotropic string cosmology
We start with string effective action [2]:
Seff =
∫
dd+1x
√−geφ(R− 1
12
HµνρH
µνρ + ∂µφ∂
µφ− Λ). (1)
The equations of motion for this action have the following forms
Rµν − 1
4
H2µν −∇µ∇νφ = 0, (2)
∇2(eφHµνλ) = 0, (3)
−R + 1
12
H2 + 2∇2φ+ (∂µφ)2 + Λ = 0, (4)
2
where the contractions H2µν = HµκλHν
κλ , H2 = HµνλH
µνλ involve the totally antisymmetric
field strength Hµνλ, defined in terms of the potential Bµν as
Hµνρ = ∂µBνρ + ∂ρBµν + ∂νBρµ. (5)
Indeed these equations are the Einstein field equations coupled with matters φ and H ( see
for instance [8]). Note that for the study of 4+1 dimensional homogeneous string cosmolog-
ical models, we first consider it in d + 1-dimension . We know that with the assumption of
spatial homogeneity, the d-dimensional spatial submanifold is invariant under the action of a
d-parametric isometry group G, and the metric of the space-time Gµν can be factorized in a
synchronous frame as [13]:
ds2 = Gµνdx
µdxν = −dt2 + eαi(x)gij(t)eβj(x)dxαdxβ, (6)
where α, β = 1, ..., d are world indices in the spatial submanifold and i, j are indices for the
bases of the isometry group G. Notice that vielbeins eα
i(x) are dependent only on spatial
coordinates [13]. Now, if we consider additional assumption that the dilaton field be space
independent and the torsion field Hµνρ vanish then the equations(2)-(4) can be reduce to
ordinary time differential equations for the variables gij(t) and φ(t) [9]. Furthermore if we
restrict our analysis to an anisotropic but diagonal matrix form for the invariant metric gij(t)
1,
gij(t) = a
2
i (t)δij, (7)
where ai(t) are scale factors; then the (0,0) and (i,i) components of the equation (2) have the
following form respectively [9]:
∑
i=1
d
(H˙i +H
2
i ) + φ¨ = 0, (8)
H˙i +Hi
∑
k=1
d
Hk +Hiφ˙+ Vi = 0, (9)
where the dot stands for derivative with respect to t; furthermore (i,0) components give the
constraints2
∑
k=1
d
Ckki(Hi −Hk) = 0. (10)
On the other hand, i 6= j components of equation (2) give a set of another constraint equations
Ri,j = 0, i 6= j, (11)
1Note that one can also use other form of gij ; for example for four dimensional Lie groups one can use
results of Ref [14].
2Here there is no summation over i.
3
and the dilaton equation (4) has the following form:
−2φ¨ − φ˙2 − 2φ˙∑
k=1
d
Hk −
∑
k=1
d
Vk − (
∑
k=1
d
Hk)
2 −∑
k=1
d
Hk
2 − 2∑
k=1
d
H˙k = 0. (12)
Note that in the above equations Hi =
a˙i
ai
are Hubble coefficients, Ckij are structure constant of
the isometry Lie algebras g and Vk(ai) are potential functions that depend on the type of Lie
group. In this way instead of equations (2− 4) one can use equations (8− 12) and solve them
to obtain homogeneous string cosmological models over space-times with isometry group G.
Now, for 4+1 dimensional models the isometry groups are four dimensional real Lie groups.
There are various classifications for these Lie algebras [15, 16, 17, 18]. Here in this paper we
use the Patera et [17] classification in the next section. Now, for the four dimensional spatial
submanifold one can introduce mean radius a in term of scale factors ai as follows:
a4 = a1a2a3a4, (13)
then using equations (8),(9),(12) we have
φ¨+ φ˙2 + 4φ˙
a˙
a
= 0. (14)
On the other hand, introducing new time coordinate τ [8]
dτ = a−4e−φdt, (15)
the equation (14) can be rewritten as
φ′′ = 0, (16)
where prime stands for derivative with respect to τ . The general solution of the above equation
is
φ = Nτ, or e−φ = e−Nτ , (17)
where N is a constant. Furthermore, with this new time coordinate the equation (9) may be
rewritten as
ln(a2i e
φ)
′′
+ 2a8e2φVi = 0. (18)
On the other hand, equation (12) can be reexpressed as the following initial value equations:
∑
i<j
ln(a2i e
φ)
′
ln(a2je
φ)
′
+ 2
∑
i
Via
8e2φ − 2∑
i
ai
′
ai
φ′ − 4φ′2 = 0. (19)
Now, it is enough to solve equation (18) with the constraints (10) and (11)and initial values
equations (19). In order to solve equations (18) we must obtain potentials Vi(aj). In the next
section we obtain metrics over four dimensional Lie groups, then in section four we obtain
these potentials and solve equations (18).
4
3 Four dimensional real Lie algebras and metrics over
their Lie groups
There are several classifications for real four dimensional Lie algebras (for instance see [15],
[16], [17], [18]). Because in most cosmological applications the Patera and et al classification
has been used (see for instance [12, 14] and references), here we apply this classification (Table
1). Now, to obtain the metrics of 4+1 dimensional anisotropic homogenouse space-times
according to (6), we must first calculate vielbeins eα
i(x) for Lie groups of table 1. To this end,
we use the following relation:
g−1dg = eα
i(x)Xidx
α, g ∈ G. (20)
With the following parameterizations for the real four dimensional Lie groups G:
g = ex1X1ex2X2ex3X3ex4X4, (21)
where {Xi} and {xi} are generators and coordinates of Lie group, respectively. Then in general,
for left invariant Lie algebra valued one forms we have:
g−1dg = dx1e
−x4X4e−x3X3(e−x2X2X1e
x2X2)ex3X3ex4X4 + dx2e
−x4X4e−x3X3X2e
x3X3ex4X4
+dx3e
−x4X4X3e
x4X4 + dx4X4. (22)
Now, we need to calculate expressions such as e−xiXiXjexiXi. Indeed, in[19] we have shown
that:
e−xiXiXje
xiXi = (exiXi) kj Xk, (23)
where summation over index k is assumed and there is no summation over index i. In this
formula (Xi) jl = −filj are the adjoint representation of the Lie algebra. In this way one can
calculate all left invariant one forms, which are shown in Table 1.
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Table 1: 4-dimensional real Lie algebras, their isometry Lie algebras and left invariant one
forms. 3
Algebra Non-zero commutation relations Isometry g−1dg
4A1 [Xi, Xj ] = 0 I ⊕ R dxiXi
A2 + 2A1 [X1,X2] = −X2 −X3, [X3, X1] = X2 +X3 X1, X4 dx1[X1 − (x2 + x3)(X2 +X3)] + dx2X2 + dx3(X3
+x4X4) + dx4X4
2A2 [X1,X2] = X2, [X3,X4] = X4 X1, X3 dx1(X1 + x2X2) + dx2X2 + dx3(X3 + x4X4) + dx4X4
II ⊕ R [X2,X3] = X1 X1, X2, X4 dx1X1 + dx2(X2 + x3X1) + dx3X3 + dx4X4
IV ⊕ R [X1,X2] = −X2 +X3, [X1, X3] = −X3 X1, X4 dx1[X1 − x2X2 + (x2 − x3)X3] + dx2X2 + dx3X3
+dx4X4
V ⊕ R [X1,X2] = −X2, [X1, X3] = −X3 X1, X4 dx1 (X1 − x2X2 − x3X3) + dx2X2 + dx3X3 + dx4X4
V I0 ⊕ R [X1,X3] = X2, [X2,X3] = X1 X1, X2, X4 dx1(X1 coshx3 +X2 sinhx3) + dx2(X2 coshx3
+X1 sinhx3) + dx3X3 + dx4X4
V Ia ⊕R [X1,X2] = −aX2 −X3, [X3,X1] = X2 + aX3 X1, X4 dx1[X1 − (ax2 + x3)X2 − (ax3 + x2)X3] + dx2X2
+dx3X3 + dx4X4
V II0 ⊕ R [X1,X3] = −X2, [X2, X3] = X1 X1, X2, X4 dx1(X1 cos x3 −X2 sinx3) + dx2(X2 cos x3 +X1 sinx3)
+dx3X3 + dx4X4
V IIa ⊕ R [X1,X2] = −aX2 +X3, [X3,X1] = X2 + aX3 X1, X4 dx1[X1 − (ax2 + x3)X2 − (−ax3 + x2)X3] + dx2X2
+dx3X3 + dx4X4
V III ⊕R [X1,X3] = −X2, [X2, X3] = X1, [X1, X2] = −X3 X1, X4 dx1(X1 coshx2 cos x3 −X2 cosh x2 sinx3 −X3 sinhx2)
+dx2(X2 cos x3 +X1 sinx3) + dx3X3 + dx4X4
IX ⊕R [X1,X3] = −X2, [X2, X3] = X1, [X1, X2] = X3 X1, X4 dx1(X1 cos x2 cos x3 −X2 cos x2 sinx3 +X3 sinx2)
+dx2(X2 cos x3 +X1 sinx3) + dx3X3 + dx4X4
A4,1 [X2,X4] = X1, [X3,X4] = X2 X1, X2, X3 dx1X1 + dx2(X1x4 +X2) + dx3(X3 +
x2
4
2
X1 +X2x4)
+dx4X4
Aa4,2 [X1,X4] = aX1, [X2,X4] = X2, [X3,X4] = X2 +X3 X1, X2, X3 dx1X1eax4 + dx2X2ex4 + dx3(X3 +X2)ex4 + dx4X4
A14,2 [X1,X4] = aX1, [X1,X4] = X1, [X2,X4] = X2, X1, X2, X3 dx1X1ex4 + dx2X2ex4 + dx3(X3 +X2)ex4 + dx4X4
[X3,X4] = X2 +X3
A4,3 [X1,X4] = X1, [X3,X4] = X2 X1, X2, X3 dx1X1ex4 + dx2X2 + dx3(X3 + x4X2) + dx4X4
A4,4 [X1,X4] = X1, [X2,X4] = X1 +X2, X1, X2, X3 dx1X1ex4 + dx2(X2 + x4X1)ex4 + dx3(X3 +X2x4
[X3,X4] = X2 +X3 +X1x24/2)e
x4 + dx4X4
Aa,b4,5 [X1,X4] = X1, [X2,X4] = aX2, [X3,X4] = bX3 X1, X2, X3 dx1X1ex4 + dx2X2eax4 + dx3X3ebx4 + dx4X4
Aa,a4,5 [X1,X4] = X1, [X2,X4] = aX2, [X3,X4] = aX3 X1, X2, X3 dx1X1ex4 + dx2X2eax4 + dx3X3eax4 + dx4X4
Aa,14,5 [X1,X4] = X1, [X2,X4] = aX2, [X3,X4] = X3 X1, X2, X3 dx1X1ex4 + dx2X2eax4 + dx3X3ex4 + dx4X4
A1,14,5 [X1,X4] = X1, [X2,X4] = X2, [X3, X4] = X3 X1, X2, X3 dx1X1ex4 + dx2X2ex4 + dx3X3ex4 + dx4X4
Aa,b4,6 [X1,X4] = aX1, [X2,X4] = 2X2 −X3, X1, X2, X3 dx1X1eax4 + ebx4 [dx2(X2 cos x4 −X3 sinx4)
[X3,X4] = X2 + bX3 +dx3(X3 cos x4 +X2 sinx4)] + dx4X4
3Note that for Lie algebras written as direct sum of three dimensional Lie algebras with one dimensional
Lie algebras we write their isomorphism with Bianchi ⊕R Lie algebras.
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Table 1 : Continue
Algebra Non-zero commutation relations Isometry g−1dg
A4,7 [X1,X4] = 2X1, [X2,X4] = X2, X1, X2 dx1X1e2x4 + dx2(X2ex4 − x3X1e2x4 ) + dx3ex4(x4X2
[X3,X4] = X2 +X3, [X2,X3] = X1 +X3) + dx4X4
A4,8 [X2,X4] = X2, [X3,X4] = −X3, [X2,X3] = X1 X1, X2 dx1X1 + dx2(X2ex4 + x3X1) + dx3e−x4X3 + dx4X4
Ab4,9 [X1,X4] = (1 + b)X1, [X2, X4] = X2, X1, X2 dx1X1e
(1+b)x4 + dx2(X2ex4 + x3e(1+b)x4X1)
[X3,X4] = bX3, [X2,X3] = X1 +dx3ex4(x4X2 +X3) + dx4X4
A14,9 [X1,X4] = 2X1, [X2,X4] = X2, [X3,X4] = X3, X1, X2 dx1X1e2x4 + dx2(X2ex4 + x3e2x4X1) + dx3ex4X3 + dx4X4
[X2,X3] = X1
A04,9 [X1,X4] = X1, [X2,X4] = X2, [X2,X3] = X1 X1, X2 dx1X1ex4 + dx2(X2ex4 + x3ex4X1) + dx3X3 + dx4X4
A4,10 [X2,X4] = −X3, [X3, X4] = X2, ; [X2,X3] = X1 X1, X2 dx1X1 + dx2(x3X1 +X2 cos x4 −X3 sinx4) + dx3(X3 cos x4
+X2 sinx4) + dx4X4
Aa4,11 [X1,X4] = 2aX1, [X2,X4] = aX2 −X3, X1, X2 dx1X1e2ax4 + dx2(x3e2ax4X1 +X2eax4 cos x4−
[X3,X4] = X2 + aX3, [X2, X3] = X1 X3eax4 sinx4) + dx3(X3eax4 cos x4 +X2eax4 sinx4) + dx4X4
A4,12 [X1,X4] = −X2, [X1,X3] = X1, [X2,X4] = X1, X1, X2 dx1ex3(X1 cos x4 −X2 sinx4) + dx2ex3(X2 cos x4 +X1 sinx4)
[X2,X3] = X2 +dx3X3 + dx4X4
4 Exact solutions
Here, we construct the (i, i) component of equation (2) for metrics over all real four dimensional
Lie groups of the table (1), then by comparing these equations with (9) we obtain potentials
Vi, furthermore we try to solve equations (18) and obtain initial value equation (19).
4.1 Lie algebras I ⊕R
We obtain the potentials Vi as follows:
V1 = V2 = V3 = V4 = 0, (24)
such that there are no constraint equations. Equations (18) have the following form:
ln(a2i e
φ)
′′
= 0, i = 1, 2, ..., 4 (25)
which admit the following general solution:
a2i e
φ = Lie
piτ , (26)
where pi and Li(i = 1, 2, ..., 4) are constants; furthermore from the initial value equation (19)
we have the following restriction on pis:∑
i<j
pipj = N
∑
i
pi. (27)
These results are extension of the results of [8].
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4.2 Lie algebras III ⊕R
We obtain the potentials Vi as follows:
V1 = − a
2
2
2a21a
2
3
− a
2
3
2a21a
2
2
− 3
a21
, V2 =
a22
2a21a
2
3
− a
2
3
2a21a
2
2
− 2
a21
,
V3 = − a
2
2
2a21a
2
3
+
a23
2a21a
2
2
− 2
a21
, V4 = 0. (28)
In this case the constraints imposed by (10) and (11) are
a2a3 = Ba
2
1,
a22 + a
2
3 = 0, (29)
where B is a constant. The above equations are inconsistent; and there is no solution for this
example.
4.3 Lie algebras A2
⊕
A2
We obtain the potentials Vi as follows:
V1 = V2 =
1
a21
, V3 = V4 =
1
a23
. (30)
The constraint equations (10) impose in this case the restriction
a1
a2
= B1,
a3
a4
= B2, (31)
where B1 and B2 are constants. Equations (18) have the following forms
ln(a21e
φ)
′′ − 2a22a23a24e2φ = 0,
ln(a22e
φ)
′′ − 2a22a23a24e2φ = 0,
ln(a23e
φ)
′′ − 2a21a22a24e2φ = 0,
ln(a24e
φ)
′′ − 2a21a22a24e2φ = 0, (32)
which admit the following general solution:
a21e
φ = a23e
φ = p24
(
(B1B2)
2eNτ
3 cosh2(p4τ)
) 1
3
,
a22e
φ = p24

 (B2B21 )2eNτ
3 cosh2(p4τ)


1
3
,
a24e
φ = p24

 (B1B22 )2eNτ
3 cosh2(p4τ)


1
3
, (33)
where p4 is constant. From the initial value equation (19) we have the following restriction on
p4:
N2 − 4B21B22p64 = 0. (34)
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4.4 Lie algebras II
⊕
R
We obtain the potentials Vi as follows:
V1 = −V2 = −V3 = a
2
1
2a22a
2
3
, V4 = 0, (35)
such that there are no constraint equations. Equations (18) have the following form:
ln(a21e
φ)
′′
+ a41a
2
4e
2φ = 0,
ln(a22e
φ)
′′ − a41a24e2φ = 0,
ln(a23e
φ)
′′ − a41a24e2φ = 0,
ln(a24e
φ)
′′
= 0, (36)
which admit the following general solution:
a21e
φ =
p21 e
(
N−p4
2
)τ
√
L1 cosh(p1τ)
,
a22e
φ = L22 cosh(p1τ)e
p2τ ,
a23e
φ = L23 cosh(p1τ)e
p3τ ,
a24e
φ = L1e
p4τ , (37)
where p1, ..., p4, L1, L2 and L3 are constants. Note that these solutions are extension of solutions
[8] for Bianchi algebras II. From the initial value equation (19) we have the following restriction
on pis:
N(p2 + p3 +N) + p4(p2 + p3 + p4)− 2p2p3 + 2p21 = 0. (38)
4.5 Lie algebras (IV ⊕ R)
We obtain the potentials Vi as follows:
V1 = V2 = − a
2
3
2a21a
2
2
− 2
a21
, V3 =
a23
2a21a
2
2
− 2
a21
, V4 = 0. (39)
In this case the constraints imposed by (10) and (11) are as follows:
a2a3 = Ba
2
1,
a3 = 0, (40)
where B is constant. There is no solution for these inconsistent constraints.
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4.6 Lie algebras A3,3 ⊕A1 ≈ V ⊕R
In this case we obtain the potentials Vi as follows:
V1 = V2 = V3 =
2
a21
, V4 = 0, (41)
and the constraint imposed by (10) and (11) is
a2a3 = Ba
2
1. (42)
Equations (18) have the following forms:
ln(a21e
φ)
′′ − 4a22a23a24e2φ = 0,
ln(a22e
φ)
′′ − 4a22a23a24e2φ = 0,
ln(a23e
φ)
′′ − 4a22a23a24e2φ = 0,
ln(a24e
φ)
′′
= 0, (43)
which admit the following general solution:
a21e
φ =
p1 e
(
N−p4
2
)τ
2B
√
L1 sinh(p1τ)
,
a22e
φ =
L2 e
p2τ
2 sinh(p1τ)
,
a23e
φ =
p21 e
(N−p2−p4)τ
2L1L2 sinh(p1τ)
,
a24e
φ = L1e
p4τ , (44)
where p1, p2, p4, L1 and L2 are constants. From the initial value equation (19) we have the
following restriction on pis:
N(p2 + p4 −N)− p2(p2 + p4)−
(
p24 − 3p21
)
= 0. (45)
4.7 Lie Algebras A3,4
⊕
A1 ≈ V I0⊕R
We obtain the potentials Vi as follows:
V1 = −V2 = a
2
1
2a22a
2
3
− a
2
2
2a21a
2
3
, V3 = − a
2
1
2a22a
2
3
− a
2
2
2a21a
2
3
− 1
a23
, V4 = 0, (46)
such that there are no constraint equations. Equations (18) have the following forms:
ln(a21e
φ)
′′
+ (a41 − a42)a24e2φ = 0,
ln(a22e
φ)
′′ − (a41 − a42)a24e2φ = 0,
ln(a23e
φ)
′′ − (a41 + a42)a24e2φ − 2a21a22a24e2φ = 0,
ln(a24e
φ)
′′
= 0, (47)
10
which admit the following general solution:
a21e
φ = a22e
φ =
√
L1 e
p1
2
τ ,
a23e
φ = exp
(
4L1L2
(p1 + p4 −N)2 e
(p1+p4−N)τ
)
,
a24e
φ = L2e
p4τ , (48)
where L1, L2, p1 and p4 are constants. From the initial value equation (19) we have the following
restriction on p1 and p4:
p1(p1 + 4p4 − 4N)− 4p4N = 0. (49)
Not that it has not presented solution for Bianchi algebra V I0 in [8]
4.8 Lie Algebras V Ib ⊕ R
We obtain the potentials Vi as follows:
V1 = − a
2
2
2a21a
2
3
− a
2
3
2a21a
2
2
− 1 + 2b
2
a21
, V2 =
a22
2a21a
2
3
− a
2
3
2a21a
2
2
− 2b
2
a21
,
V3 = − a
2
2
2a21a
2
3
+
a23
2a21a
2
2
− 2b
2
a21
, V4 = 0. (50)
In this case, the constraints imposed by (10) and (11) are
a2a3 = Ba
2
1,
a22 + a
2
3 = 0, (51)
where B is constant; so that, within the present context, all solutions are singular.
4.9 Lie algebras V II0
⊕
R
We obtain the potentials Vi as follows:
V1 = −V2 = a
2
1
2a22a
2
3
− a
2
2
2a21a
2
3
, V3 = − a
2
1
2a22a
2
3
− a
2
2
2a21a
2
3
+
1
a23
, V4 = 0, (52)
such that there are no constraint equations. Equations (18) have the following forms:
ln(a21e
φ)
′′
+ (a41 − a42)a24e2φ = 0,
ln(a22e
φ)
′′ − (a41 − a42)a24e2φ = 0,
ln(a23e
φ)
′′ − (a41 + a42)a24e2φ + 2a21a22a24e2φ = 0,
ln(a24e
φ)
′′
= 0, (53)
11
which admit the following general solution
a21e
φ = a22e
φ =
√
L1 e
p1
2
τ ,
a23e
φ = L2e
p3τ ,
a24e
φ = L3e
p4τ , (54)
where L1, L2, L3, p1, p3 and p4 are constants. Furthermore from the initial value equation (19)
we have the following restriction on pis:
p21
4
+ p1p3 + p1p4 + p3p4 − (p1 + p3 + p4)N = 0. (55)
Note that this solution and initial value equation are the same as for the Lie algebra I ⊕ R.
4.10 Lie algebras V IIb ⊕ R
We obtain the potentials Vi as follows:
V1 = − a
2
3
2a21a
2
2
− a
2
2
2a21a
2
3
− 2b
2 − 1
a21
, V2 =
a22
2a21a
2
3
− a
2
3
2a21a
2
2
− 2b
2
a21
,
V3 = − a
2
2
2a21a
2
3
+
a23
2a21a
2
2
− 2b
2
2a21
, V4 = 0. (56)
In this case the constraints imposed by (10), (11) are
a2a3 = Ba
2
1,
a22 − a23 = 0, (57)
where B is constant. Equations (18) have the following forms:
ln(a21e
φ)
′′ −
(
(a22 − a23)2 + 4b2a22a23
)
a24e
2φ = 0,
ln(a22e
φ)
′′ − 4b2a22a23a24e2φ = 0,
ln(a23e
φ)
′′ − 4b2a22a23a24e2φ = 0,
ln(a24e
φ)
′′
= 0, (58)
which admit the following general solution:
a21e
φ =
p1 e
(
N−p4
2
)τ
2bB
√
L1 sinh(p1τ)
,
a22e
φ = a23e
φ =
p1 e
(
N−p4
2
)τ
2b
√
L1 sinh(p1τ)
,
a24e
φ = L1e
p4τ , (59)
where L1, p1 and p4 are constants. From the initial value equation (19) we have the following
restriction on p1 and p4:
4p21 − p24 −N2 +
2
3
Np4 = 0. (60)
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4.11 Lie algebras V III ⊕ R
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− a
2
2
2a21a
2
3
− 2a
2
2 + a
2
3
2a21a
2
2
, V2 = − a
2
1
2a22a
2
3
+
a22
2a21a
2
3
− 2a
2
1 + a
2
3
2a21a
2
2
,
V3 = − a
2
2
2a21a
2
3
+
a23
2a21a
2
2
− a
2
1 − 2a22
2a22a
2
3
, V4 = 0, (61)
such that there are no constraint equations. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41 − (a22 + a23)2
)
a24e
2φ = 0,
ln(a22e
φ)
′′
+
(
a42 − (a21 + a23)2
)
a24e
2φ = 0,
ln(a23e
φ)
′′
+
(
a43 − (a21 − a22)2
)
a24e
2φ = 0,
ln(a24e
φ)
′′
= 0, (62)
which admit the following general solution:
a21e
φ = a22e
φ =
p21 e
(
N−p4
2
)τ cosh(p3τ)√
L1p3 sinh
2(p1τ)
,
a23e
φ =
p3 e
(
N−p4
2
)τ
√
L1 cosh(p3τ)
,
a24e
φ = L1e
p4τ , (63)
where L1, p1, p3 and p4 are constants. From the initial value equation (19) we have the following
restriction on pis:
4p21 − p23 −
3
4
p24 +
5
4
Np4 − 3
4
N2 = 0. (64)
4.12 Lie algebras IX ⊕ R
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− a
2
2
2a21a
2
3
+
2a22 − a23
2a21a
2
2
, V2 = − a
2
1
2a22a
2
3
+
a22
2a21a
2
3
+
2a21 − a23
2a21a
2
2
,
V3 = − a
2
2
2a21a
2
3
+
a23
2a21a
2
2
− a
2
1 − 2a22
2a22a
2
3
, V4 = 0, (65)
such that there are no constraint equations. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41 − (a22 − a23)2
)
a24e
2φ = 0,
ln(a22e
φ)
′′
+
(
a42 − (a21 − a23)2
)
a24e
2φ = 0,
ln(a23e
φ)
′′
+
(
a43 − (a21 − a22)2
)
a24e
2φ = 0,
ln(a24e
φ)
′′
= 0, (66)
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which admit the following general solution:
a21e
φ = a22e
φ =
p21 e
(
N−p4
2
)τ cosh(p3τ)√
L1p3 cosh
2(p1τ)
,
a23e
φ =
p3 e
(
N−p4
2
)τ
√
L1 cosh(p3τ)
,
a24e
φ = L1e
p4τ , (67)
where L1, p1, p3 and p4 are constants. From the initial value equation (19) we have the following
restriction on pis:
4p21 − p23 −
3
4
p24 +
5
4
Np4 − 3
4
N2 = 0. (68)
Note that equations (63) and (67) for p4 = 0 are the same initial values equations of the
Ref [8] for Lie algebras V III and IX respectively such that the scalar field play the role of
antisymmetric field i.e. 3
4
N2 = A2; where A is a parameter of antisymmetric field [8].
4.13 Lie algebras A4,1
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
4
, V2 = − a
2
1
2a22a
2
4
+
a22
2a23a
2
4
, V3 = − a
2
2
2a23a
2
4
, V4 = − a
2
1
2a22a
2
4
− a
2
2
2a23a
2
4
, (69)
such that there are no constraint equations. Equations (18) have the following forms:
ln(a21e
φ)
′′
+ a41a
2
3e
2φ = 0,
ln(a22e
φ)
′′
+
(
a21a
4
2 − a23a41
)
e2φ = 0,
ln(a23e
φ)
′′ − a21a42e2φ = 0,
ln(a24e
φ)
′′ −
(
a21a
4
2 + a
2
3a
4
1
)
e2φ = 0, (70)
which admit the following general solution:
a21e
φ =
2p22
L22 cosh
2(p2τ)
e(N−2p2)τ ,
a22e
φ = L2 e
p2τ ,
a23e
φ =
L42 cosh
2(p2τ)
2p22
e(4p2−N)τ ,
a24e
φ = L4 cosh
4(p2τ)e
p4τ , (71)
where L2, L4, p2 and p4 are constants. From the initial value equation (19) we have the following
restriction on p2 and p4:
N (N + p4 − 3p2) + 7p2p4 = 0. (72)
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4.14 Lie algebras (Ab4,2)
We obtain the potentials Vi as follows:
V1 = −2 + b
2
a24
, V2 =
a22
2a23a
2
4
− 2 + b
a24
,
V3 = − a
2
2
2a23a
2
4
− 2 + b
a24
, V4 = − a
2
2
2a23a
2
4
− 2 + b
2
a24
. (73)
In this case the constraints imposed by (10) and (11) are
ab1a2a3 = Ba
b+2
4 ,
a2 = 0, (74)
where B is constant; so that, within the present context, all solutions are singular.
4.15 Lie algebras (A14,2)
We obtain the potentials Vi as follows:
V1 = − 3
a24
, V2 =
a22
2a23a
2
4
− 3
a24
,
V3 = − a
2
2
2a23a
2
4
− 3
a24
, V4 = − a
2
2
2a23a
2
4
− 3
a24
. (75)
In this case the constraints imposed by (10) and (11) are
a1a2a3 = Ba
3
4,
a2 = 0, (76)
where B is constant; so that, within the present context, all solutions are singular.
4.16 Lie algebras (A4,3)
We obtain the potentials Vi as follows:
V1 = − 1
a24
, V2 =
a22
2a23a
2
4
, V3 = − a
2
2
2a23a
2
4
, V4 = − a
2
2
2a23a
2
4
− 1
a24
. (77)
In this case the constraints imposed by (10) and (11) are
a1 = Ba4,
a2 = 0, (78)
where B is constant; so that, within the present context, all solutions are singular.
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4.17 Lie algebras A4,4
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
4
− 3
a24
, V2 = − a
2
2
2a23a
2
4
− 3
a24
,
V3 = − a
2
1
2a22a
2
4
+
a22
2a23a
2
4
− 3
a24
, V4 = − a
2
1
2a22a
2
4
− a
2
2
2a23a
2
4
− 3
a24
. (79)
In this case the constraints imposed by (10) and (11) are
a1a2a3 = Ba
3
4,
a1 = 0, (80)
where B is constant; so that, within the present context, all solutions are singular.
4.18 Lie algebras A
(a,b)
4,5
We obtain the potentials Vi as follows:
V1 = −a + b+ 1
a24
, V2 = −a (a + b+ 1)
a24
,
V3 = −b (a+ b+ 1)
a24
, V4 = −a
2 + b2 + 1
a24
. (81)
In this case the constraint equations (10) impose the following restriction:
a1a
a
2a
b
3 = a
a+b+1
4 . (82)
Equations (18) have the following forms:
ln(a21e
φ)
′′ − 2 (a+ b+ 1) a21a22a23 e2φ = 0,
ln(a22e
φ)
′′ − 2a (a + b+ 1) a21a22a23 e2φ = 0,
ln(a23e
φ)
′′ − 2b (a + b+ 1) a21a22a23 e2φ = 0,
ln(a24e
φ)
′′ − 2
(
a2 + b2 + 1
)
a21a
2
2a
2
3 e
2φ = 0, (83)
which for a+ b 6= −1 admit the following general solution:
a21e
φ =
Lb1(
p4
a+b+1
)
2
a+b+1 ep1τ
sinh(p4τ)
2
a+b+1
,
a22e
φ =
L
b
a
2 (
p4
a+b+1
)
2a
a+b+1 ep2τ
sinh(p4τ)
2a
a+b+1
,
a23e
φ =
( p4
a+b+1
)
2b
a+b+1 e(N−p1−p2)τ
L1L2 sinh(p4τ)
2b
a+b+1
,
a24e
φ =
( p4
a+b+1
)
2(a2+b2+1)
(a+b+1)2 e
(
p2(a−b)+p1(1−b)+bN
a+b+1
)
τ
sinh(p4τ)
2(a2+b2+1)
(a+b+1)2
, (84)
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where L1, L2, p1, p2 and p4 are constants. From the initial value equation (19) we have the
following restriction on pis:
p21 + p
2
2 +N
2 + p1p2 −N(p1 + p2)− 2
(
1 +
a2 + b2 + 1
(a+ b+ 1)2
)
p24 = 0. (85)
For a+ b = −1 solution is similar to solution of V I0 model.
4.19 Lie algebras A
(a,a)
4,5
We obtain the potentials Vi as follows:
V1 = −2a+ 1
a24
, V2 = V3 = aV1 = −a(2a + 1)
a24
, V4 = −2a
2 + 1
a24
. (86)
The constraint equations (10) impose the following restriction:
a1a
a
2a
a
3 = a
2a+1
4 . (87)
Equations (18) have the following forms:
ln(a21e
φ)
′′ − 2 (2a+ 1) a21a22a23 e2φ = 0,
ln(a22e
φ)
′′ − 2a (2a+ 1) a21a22a23 e2φ = 0,
ln(a23e
φ)
′′ − 2a (2a+ 1) a21a22a23 e2φ = 0,
ln(a24e
φ)
′′ − 2
(
2a2 + 1
)
a21a
2
2a
2
3 e
2φ = 0, (88)
which for a 6= −1
2
admit the following general solution:
a21e
φ =
La1(
p4
2a+1
)
2
2a+1 ep1τ
sinh(p4τ)
2
2a+1
,
a22e
φ =
L2(
p4
2a+1
)
2a
2a+1 ep2τ
sinh(p4τ)
2a
2a+1
,
a23e
φ =
( p4
2a+1
)
2a
2a+1 e(N−p1−p2)τ
L1L2 sinh(p4τ)
2a
2a+1
,
a24e
φ =
( p4
2a+1
)
2(2a2+1)
(2a+1)2 e
(
p1(1−a)+aN
2a+1
)
τ
sinh(p4τ)
2(2a2+1)
(2a+1)2
, (89)
where L1, L2, p1, p2 and p4 are constants. From the initial value equation (19) we have the
following restriction on pis:
p21 + p
2
2 +N
2 + p1p2 −N(p1 + p2)− 2
(
1 +
2a2 + 1
(2a+ 1)2
)
p24 = 0. (90)
For a = −1
2
solution is similar to solution of V I0 model. Note that for this Lie algebra all
equations, constraints solutions and initial value conditions are the same as for Lie algebra
A
(a,b)
4,5 for b = a.
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4.20 Lie algebras A
(a,1)
4,5
We obtain the potentials Vi as follows:
V1 = V3 = −a + 2
a24
, V2 = aV1 = −a (a + 2)
a24
, V4 = −a
2 + 2
a24
. (91)
The constraint equations (10) impose in this case the restriction
a1a
a
2a3 = a
a+2
4 . (92)
Equations (18) have the following forms:
ln(a21e
φ)
′′ − 2 (a+ 2) a21a22a23 e2φ = 0,
ln(a22e
φ)
′′ − 2a (a + 2) a21a22a23 e2φ = 0,
ln(a23e
φ)
′′ − 2 (a+ 2) a21a22a23 e2φ = 0,
ln(a24e
φ)
′′ − 2
(
a2 + 2
)
a21a
2
2a
2
3 e
2φ = 0, (93)
which admit the following general solution:
a21e
φ =
Lb1(
p4
a+2
)
2
a+2 ep1τ
sinh(p4τ)
2
a+2
,
a22e
φ =
L2(
p4
a+2
)
2a
a+2 ep2τ
sinh(p4τ)
2a
a+2
,
a23e
φ =
( p4
a+2
)
2
a+2 e(N−p1−p2)τ
(L1L2)a sinh(p4τ)
2
a+2
,
a24e
φ =
( p4
a+2
)
2(a2+2)
(a+2)2 e
(
p2(a−1)+N
a+2
)
τ
sinh(p4τ)
2(a2+2)
(a+2)2
, (94)
where L1, L2, p1, p2 and p4 are constants. From the initial value equation (19) we have the
following restriction on pi:
p21 + p
2
2 +N
2 + p1p2 −N(p1 + p2)− 2
(
1 +
a2 + 2
(a+ 2)2
)
p24 = 0. (95)
Note that the results for this algebra are same as for Lie algebra A
(a,b)
4,5 for b = 1.
4.21 Lie algebras A
(1,1)
4,5
We obtain the potentials Vi as follows:
V1 = V2 = V3 = V4 = − 3
a24
. (96)
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The constraint equations (10) impose the following restriction:
a1a2a3 = a
3
4. (97)
Equations (18) have the following forms:
ln(a21e
φ)
′′ − 6a21a22a23 e2φ = 0,
ln(a22e
φ)
′′ − 6a21a22a23 e2φ = 0,
ln(a23e
φ)
′′ − 6a21a22a23 e2φ = 0,
ln(a24e
φ)
′′ − 6a21a22a23 e2φ = 0, (98)
which admit the following general solution:
a21e
φ =
L1(
p4
3
)
2
3 ep1τ
sinh(p4τ)
2
3
,
a22e
φ =
L2(
p4
3
)
2
3 ep2τ
sinh(p4τ)
2
3
,
a23e
φ =
(p4
3
)
2
3 e(N−p1−p2)τ
(L1L2) sinh(p4τ)
2
3
,
a24e
φ =
(p4
3
)
2
3 e
N
3
τ
sinh(p4τ)
2
3
, (99)
where L1, L2, p1, p2 and p4 are constants. From the initial value equation (19) we have the
following restriction on pi:
p21 + p
2
2 +N
2 + p1p2 −N(p1 + p2)− 8
3
p24 = 0. (100)
Note that the results for this algebra are same as for Lie algebra A
(a,1)
4,5 for a = 1.
4.22 Lie algebras A
(a,b)
4,6
We obtain the potentials Vi as follows:
V1 = −a(a + 2b)
a24
, V2 =
a22
2a23a
2
4
− a
2
3
2a22a
2
4
− b(a + 2b)
a24
,
V3 = − a
2
2
2a23a
2
4
+
a23
2a22a
2
4
− b(a + 2b)
a24
, V4 = − a
2
2
2a23a
2
4
− a
2
3
2a22a
2
4
− (a
2 + 2b2 − 1)
a24
. (101)
The constraint equations (10) impose in this case the restriction
aa1(a2a3)
b = Baa+2b4 . (102)
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where B is a constant. Equations (18) have the following forms:
ln(a21e
φ)
′′ − 2
(
a2 + 2ab
)
a21a
2
2a
2
3e
2φ = 0,
ln(a22e
φ)
′′ − a21
(
a43 − a42 + 2b(2b2 + a)a22a23
)
e2φ = 0,
ln(a23e
φ)
′′ − a21
(
a42 − a43 + 2b(2b2 + a)a22a23
)
e2φ = 0,
ln(a24e
φ)
′′ − a21
(
a42 + a
4
3 + 2(2b
2 + a2 − 1)a22a23
)
e2φ = 0, (103)
which for a 6= 2b admit the following general solution:
a21e
φ =
L1p1 e
p1τ
sinh(p1τ)
2a
a+2b
,
a22e
φ = a23e
φ =
√
p1 e
(
N−p1)
2
)τ
√
L1(a+ 2b) sinh(p1τ)
2b
a+2b
,
a24e
φ =

La−b1
B2
pa+b1 e
((a−b)p1+bN)τ
sinh(p1τ)
2(a
2+2b2
a+2b
)


1
a+2b
, (104)
where L1 and p1 are constants. From the initial value equation (19) we have the following
restriction on p1:
(13a2 + 36b2 + 20ab)p21 − (3a2 + 4b2 + 8ab)N2 + 6a(a+ 2b)Np1 = 0. (105)
But for the case a = 2b, its solution is similar to V I0 ⊕ R model solution.
4.23 Lie algebras A4,7
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− 8
a24
, V2 = − a
2
1
2a22a
2
3
+
a22
2a23a
2
4
− 4
a24
,
V3 = − a
2
1
2a22a
2
3
− a
2
2
2a23a
2
4
− 4
a24
, V4 = − a
2
2
2a23a
2
4
− 6
a24
. (106)
In this case the constraints imposed by (10) and (11) are
a21a2a3 = Ba
4
4,
a2 = 0, (107)
where B is constant; so that, within the present context, all solutions are singular.
4.24 Lie algebras A4,8
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
, V2 = − a
2
1
2a22a
2
3
, V3 = − a
2
1
2a22a
2
3
, V4 = − 2
a24
. (108)
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The constraint equations (10) impose in this case the restriction
a2 = Ba3, (109)
where B is constant. In this case equations (18) have the following forms:
ln(a21e
φ)
′′
+ a41a
2
4e
2φ = 0,
ln(a22e
φ)
′′ − a41a24e2φ = 0,
ln(a23e
φ)
′′ − a41a24e2φ = 0,
ln(a24e
φ)
′′ − 4a21a22a23e2φ = 0, (110)
which admit the following general solution:
a21e
φ =
3p1 e
p1τ
2(L1B)2
sinh(p1τ)
2,
a22e
φ =
L1B
2√p1 e(
N−p1
2
)τ
sinh(p1τ)2
,
a23e
φ =
L1
√
p1 e
(
N−p1
2
)τ
sinh(p1τ)2
,
a24e
φ =
8(L1B)
4 e(N−2p1)τ
9 sinh(p1τ)6
, (111)
where L1 and p1 are constants. From the initial value equation (19) we have the following
restriction on p1:
3N2 − 29p21 + 2Np1 = 0. (112)
4.25 Lie algebras Ab4,9 (b 6= ±1,−2)
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− 2(b+ 1)
2
a24
, V2 = − a
2
1
2a22a
2
3
− 2(b+ 1)
a24
,
V3 = − a
2
1
2a22a
2
3
− 2b(b+ 1)
a24
, V4 = −2(b
2 + b+ 1)
a24
. (113)
To facilitate calculations we will assume for the moment that we also have b 6= ±1,−2 and
present the Ab=±1,24,9 models separately in the next subsection. In this case the constraint
equations (10) impose the following restriction:
ab+11 a2a
b
3 = Ba
2(b+1)
4 , (114)
where B is constant. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41a
2
4 − 4(b+ 1)2a21a22a23
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a41a
2
4 + 4(b+ 1)a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a23e
φ)
′′ −
(
a41a
2
4 + 4b(b+ 1)a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a24e
φ)
′′ − 4
(
b2 + b+ 1
)
a21a
2
2a
2
3e
2φ = 0. (115)
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It follows that for b 6= −2 and b 6= ±1 the most general solution for these equations which
satisfies the above constraint is:
a21e
φ =
L1 e
p1τ
sinh(p1τ)
4b2+10b+4
7b2+13b+7
,
a22e
φ =
L2 e
(− b+2b−1N+
4b+5
b−1
p1)τ
sinh(p1τ)
2b2+8b+8
7b2+13b+7
,
a23e
φ =
L3 e
(
− 5b2+14b+8
(b+2)(b−1)
p1+
2b+1
b−1
N
)
τ
sinh(p1τ)
8b2+8b+2
7b2+13b+7
,
a24e
φ =
L4 e
(N−2p1)τ
sinh(p1τ)
6(b2+b+1)
7b2+13b+7
, (116)
where L1 and p1 are constants and the coefficient L2, L3 and L4 are obtained as follows:
L2 =
(
(3/2)bL2b+31
B2p
2(b+1)
1
(7b2 + 13b+ 7)b+2
(2(b2 + b+ 1))2(b+1)
) 1
b−1
,
L3 =

(2/3)B2p4b+21
L3b+21
(2(b2 + b+ 1))
2(b+1)
(7b2 + 13b+ 7)2b+1


1
b−1
,
L4 =
2(b2 + b+ 1)
(7b2 + 13b+ 7)
p21
L21
. (117)
From the initial value equation (19) we have the following restriction on p1:(
3(7b2 + 13b+ 7)
(b− 1)2 −
4(5b2 + 8b+ 5)
(7b2 + 13b+ 7)
)
p21 +
(
3(b2 + b+ 1)
(b− 1)2
)
N2
−2(7b
2 + 13b+ 7)
(b− 1)2 Np1 = 0. (118)
4.25.1 Lie algebras Ab4,9 (b = ±1,−2)
i) For b = 1 the constraint equation (114) may be written as
a21a2a3 = Ba
4
4, (119)
so that Eqs.(115) reduce to
ln(a21e
φ)
′′
+
(
a41a
2
4 − 16a21a22a23
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a41a
2
4 + 8a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a23e
φ)
′′ −
(
a41a
2
4 + 8a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a24e
φ)
′′ − 12a21a22a23e2φ = 0. (120)
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The general solution to these equations are
a21e
φ =
L1 e
N
3
τ
sinh
2
3 (p1τ)
,
a22e
φ =
L2 e
p2τ
sinh
2
3 (p1τ)
,
a23e
φ =
L3 e
( 2N
3
−p2)τ
sinh
2
3 (p1τ)
,
a24e
φ =
L4 e
N
3
τ
sinh
2
3 (p1τ)
, (121)
where L1, p1, p2 are constants and the coefficient L2, L3 and L4 are obtained as follows:
L1 = (32B
2)
1
9 (
p1
3
)
2
3 ,
L3 =
1
36L2
(
16
B2
)
1
9 (3p21)
2
3 ,
L4 =
(p1/3)
2
3
(2B4)
1
9
. (122)
From the initial value equation (19) we have the following restriction on p2:
54p22 − 58N2 − 72Np2 − 27N = 0. (123)
ii) For b = −1 the constraint equation (114) may be written as
a1a2 = a3, (124)
and equations (115) get the following forms:
ln(a21e
φ)
′′
+ a41a
2
4e
2φ = 0,
ln(a22e
φ)
′′ − a41a24e2φ = 0,
ln(a23e
φ)
′′ − a41a24e2φ = 0,
ln(a24e
φ)
′′ − 4a21a22a23e2φ = 0, (125)
which admit the following general solution:
a21e
φ = L1 e
p1τ sinh2(p1τ),
a22e
φ =
√
3
2L1
p1 e
(N−p12 )τ
sinh2(p1τ)
,
a23e
φ =
√
3
2L1
p1 e
(N−p12 )τ
sinh2(p1τ)
,
a24e
φ =
2p21 e
(N−2p1)τ
L21 sinh
2(p1τ)
, (126)
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where L1 and p1 are constants. From the initial value equation (19) we have the following
restriction on p1:
3N2 − 29p21 − 2Np1 = 0. (127)
iii) For case b = −2 the equations (114, 115) can be reduce to
a2a
2
4 = Ba1a
2
3, (128)
and
ln(a21e
φ)
′′
+
(
a41a
2
4 − 4a21a22a23
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a41a
2
4 − 4a21a22a23
)
e2φ = 0,
ln(a23e
φ)
′′ −
(
a41a
2
4 + 8a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a24e
φ)
′′ − 12a21a22a23e2φ = 0, (129)
which admit the following solutions:
a21e
φ = L1 e
p1τ ,
a22e
φ = (
L1B
2
16
)
1
3 ep1τ ,
a23e
φ = (
2
27A4B2
)
1
3
p21 e
(N−2p1)τ
sinh2(p1τ)
,
a24e
φ =
2p21 e
(N−2P1)τ
3L21 sinh
2(p1τ)
, (130)
where L1 and p1 are constants. From the initial value equation (19) we have the following
restriction on p1:
N2 − p21 + 2Np1 = 0. (131)
4.26 Lie algebras A04,9
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− 2
a24
, V2 = − a
2
1
2a22a
2
3
− 2
a24
, V3 = − a
2
1
2a22a
2
3
, V4 = − 2
a24
. (132)
In this case the constraint equations (10) impose the following restriction:
a1a2 = Ba
2
4, (133)
where B is constant. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41a
2
4 − 4a21a22a23
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a41a
2
4 + 4a
2
1a
2
2a
2
3
)
e2φ = 0,
ln(a23e
φ)
′′ − a41a24e2φ = 0,
ln(a24e
φ)
′′ − 4a21a22a23e2φ = 0, (134)
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which admit the following general solutions:
a21e
φ =
L1 e
p1τ
sinh
4
7 (p1τ)
,
a22e
φ =
4p41B
2 e(2N−5p1)τ
49L51 sinh
8
7 (p1τ)
,
a23e
φ =
21L41e
(4p1−N)τ
8B2p21 sinh
2
7 (p1τ)
,
a24e
φ =
2p21 e
(N−2p1)τ
7L21 sinh
6
7 (p1τ)
, (135)
where L1 and p1 are constants. From the initial value equation (19) we have the following
restriction on p1:
21N2 + 127p21 − 98Np1 = 0. (136)
4.27 Lie algebras A4,10
We obtain the potentials Vi as follows:
V1 = − a
2
1
2a22a
2
3
, V2 =
a21
2a22a
2
3
− a
2
2
2a23a
2
4
+
a23
2a22a
2
4
,
V3 =
a21
2a22a
2
3
+
a22
2a23a
2
4
− a
2
3
2a22a
2
4
, V4 =
a22
2a23a
2
4
+
a23
2a22a
2
4
− 1
a24
. (137)
such that there are no constraint equation. Equations (18) have the following forms:
ln(a21e
φ)
′′ − a41a24e2φ = 0,
ln(a22e
φ)
′′
+
(
a21a
4
3 − a21a42 + a24a41
)
e2φ = 0,
ln(a23e
φ)
′′
+
(
a21a
4
2 − a21a43 + a24a41
)
e2φ = 0,
ln(a24e
φ)
′′
+
(
a21a
4
3 − 2a21a22a23 + a21a42
)
e2φ = 0, (138)
which admit the following general solution:
a21e
φ =
p1√
L4 sinh(p1τ)
,
a22e
φ = a23e
φ = L2e
p2τ sinh(p1τ),
a24e
φ = L4e
Nτ , (139)
where L2, L4, p1 and p2 are constants. From the initial value equation (19) we have the
following restriction on p1 and p2:
p21 − p22 +N2 = 0. (140)
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4.28 Lie algebras Aa4,11
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
3
− 8b
2
a24
, V2 = − a
2
1
2a22a
2
3
+
a22
2a23a
2
4
− a
2
3
2a22a
2
4
− 4b
2
a24
,
V3 = − a
2
1
2a22a
2
3
− a
2
2
2a23a
2
4
+
a23
2a22a
2
4
− 4b
2
a24
, V4 = − a
2
2
2a23a
2
4
− a
2
3
2a22a
2
4
− 6b
2 − 1
a24
. (141)
The constraint equations (10) impose in this case the restriction
a21a2a3 = Ba
4
4, (142)
where B is a constant. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41a
2
4 − 16b2a21a22a23
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a43 − a42 + a21a24 + 8b2a22a23
)
a21e
2φ = 0,
ln(a23e
φ)
′′ −
(
a42 − a43 + a21a24 + 8b2a22a23
)
a21e
2φ = 0,
ln(a24e
φ)
′′ −
(
a42 + a
4
3 + (12b
2 − 2)a22a23
)
a21e
2φ = 0. (143)
These equations admit the following general solutions:
a21e
φ =
(C
b
)
2
3 e
Nτ
3
2 sinh
2
3 (p1τ)
,
a22e
φ = a23e
φ =
( 1√
Cb
)
2
3 e
Nτ
3
3 sinh
2
3 (p1τ)
,
a24e
φ =
(b2
√
C)
1
3 e
Nτ
3√
6B sinh
2
3 (p1τ)
, (144)
where p1 is a constant and C =
4
3
(2Ba
4
3 )
1
3 .
From the initial value equation (19) we have the following restriction on p1:
N = ±2p1. (145)
4.29 Lie algebras A4,12
We obtain the potentials Vi as follows:
V1 =
a21
2a22a
2
4
− a
2
2
2a21a
2
4
− 2
a23
, V2 = − a
2
1
2a22a
2
4
+
a22
2a21a
2
4
− 2
a23
,
V3 = − 2
a23
, V4 = − a
2
1
2a22a
2
4
− a
2
2
2a21a
2
4
+
1
a24
. (146)
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In this case the constraint equations (10) impose the following restriction:
a1a2 = Ba
2
3, (147)
where B is a constant. Equations (18) have the following forms:
ln(a21e
φ)
′′
+
(
a41a
2
3 − a42a23 − 4a21a22a24
)
e2φ = 0,
ln(a22e
φ)
′′ −
(
a41a
2
3 − a42a23 + 4a21a22a24
)
e2φ = 0,
ln(a23e
φ)
′′ − 4a21a22a24 e2φ = 0,
ln(a24e
φ)
′′ −
(
a41a
2
3 + a
4
2a
2
3 − 2a21a22a23
)
e2φ = 0, (148)
which admit the following general solution:
a21e
φ = a22e
φ =
p1 e
(
N−p4
2
)τ
2
√
L4 sinh(p1τ)
,
a23e
φ =
p1 e
(
N−p4
2
)τ
2B
√
L4 sinh(p1τ)
,
a24e
φ = L4e
p4τ , (149)
where L4, p1 and p4 are constants. From the initial value equation (19) we have the following
restriction on p1 and p4:
3N2 − 12p21 + 3p24 − 2Np4 = 0. (150)
5 Example V II0 ⊕ R as a 4+1 dimensional cosmology
coupled to matter with negative pressure (accelerat-
ing universe)
In this section we apply one of the exact solutions of the previous section (e.g V II0 ⊕ R) as
a physical cosmological model. In Ref. [8], it has been shown that the equations (2-4) are
equivalent to the following Einstein equation
R˜µν − 1
2
R˜ ˜gµν = κ
2(T (φ)µν + T
(H)
µν ) (151)
with the metric tensor
˜gµν = e
φgµν , (152)
and the following energy-momentum tensor for φ and H
κ2T (φ)µν =
1
2
(
∂µφ∂νφ− 1
2
(∂φ)2 ˜gµν − Λe−φ ˜gµν
)
,
κ2T (H)µν =
1
4
(
HµκλH
κλ
ν −
1
6
H2 ˜gµν
)
. (153)
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Now, we obtain the components of above tensors and Einstein equation for the example
V II0 ⊕ R of subsection 4. For this propose, we must obtain the metric gµν as functions of
coordinate time t. From relations (13), (15) and (54) we obtain the following relation for τ as
a function of t:
τ = (
1
γ
) ln(
γt√
L1L2L3
), (154)
where γ = (p1+p3+p4−2N)
2
. After substituting (154) in relation (6) and using results of table 1
the metric tensor can be obtain as follows:
ds2 = −dt2 + a1(t)2
(
(dx1)2 + (dx2)2
)
+ a3(t)
2(dx3)2 + a4(t)
2(dx4)2. (155)
Using above equation one can calculate the non-zero components of energy-momentum tensor
T (φ)µν for the V II0 ⊕ R model as follows4:
κ2T00 =
N2
2γ2t2
(
1 +
1
2
(
γt√
L1L2L3
)
N
γ
)
,
κ2T11 = κ
2T22 = −
√
L1
N2
4γ2t2
(
γt√
L1L2L3
) p1
2γ
,
κ2T33 = −L2 N
2
4γ2t2
(
γt√
L1L2L3
)p3
γ
,
κ2T44 = −L3 N
2
4γ2t2
(
γt√
L1L2L3
)p4
γ
. (156)
Now by comparing the components of Tµν with the following perfect fluid energy-momentum
tensor:
T =


−ρ(t) 0 0 0 0
0 P (t) 0 0 0
0 0 P (t) 0 0
0 0 0 P (t) 0
0 0 0 0 P (t)


(157)
and assuming
(
κ = 1, p1
2
= p3 = p4,
√
L1 = L2 = L3
)
and using (55), one can obtain the density
and pressure quantities of the matter and scale factors as follows:
ρ(t) = −1
2
(
9
t2
+
N3
6L63
t
)
,
P (t) = − N
2
4L33
(158)
ai(t) =
√
3L33
Nt
, (i = 1, 2, 3, 4). (159)
4Note that for our examples of section 4, Hµνλ = 0 and consequently T
(H)
µν = 0
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We examine our model with a cosmological model of dark energy. Thus, from equation (158)
we insist that the our model corresponds to the equation of state for dark energy as follows:
P (t) = −ρ(t), (160)
So, by taking condition (160) and assuming N = L23 we can get
H0 =
1
t
=
1
81
(
−54 + 6
√
6L33 + 81
) 1
3 − L3
3
(
−54 + 6
√
6L33 + 81
) 1
3
, (161)
where H0 is the Hubble parameter at epoch that the universe accelerates in the context of
cosmological constant regime. We can fix the parameter L3 in our model so that leads to
accelerating universe (see for example [20]). Also, we can determine another cosmological
parameter so-called the deceleration parameters which has the following negative values
qi(t) = − a¨i(t)ai(t)
a˙i(t)2
= −3. (162)
From the above equation it can be seen we have q < 0. Thus, our model predicts an accelerating
universe.
6 Conclusion
As a consequences let us examine the effect of Abelian target space duality on the above
backgrounds. Consider the following sigma model action:
S =
∫
Σ
d2ξ
(
gαβ∂αx
µ∂βx
νGµν + ε
αβBµν∂αx
µ∂βx
ν + R(2 )φ
)
(163)
such that the equations (2-4) are the zeros of its one loop beta function anomaly. In the
above equation g , R(2) are metric and scalar curvature of the two dimensional world sheet
Σ respectively. In order to obtain the dual background it is enough to apply the Buscher’s
duality transformations [21] in the isometry direction.
The isometry directions of the 4 + 1 dimensional homogenous anisotropic backgrounds are
written in the table 1. Here we consider an example for A4,8 ∼= H4 Lie algebra. One can
obtain all other dual backgrounds in the same way by using Buschers’s duality [21]. For the
Lie algebra A4,8 the metric on the 4 + 1 dimensional space-time is obtained as follows:
ds2 = −dt2 + a21dx21 + 2a21x3dx1dx2 +
(
a21x
2
3 + a
2
2e
2x4
)
dx22 + a
2
3e
−2x4dx23 + a
2
4dx
2
4 (164)
This metric has two isometry directions x1 and x2, such that we have [X1, X2] = 0. Now by use
of the Buscher’s duality transformation [21] in the x1 direction one can obtain the following
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dual background:

G˜11 =
1
a21
, G˜12 = G˜13 = G˜14 = 0,
G˜22 = a
2
2e
2x4 , G˜23 = G˜24 = 0,
G˜33 = a
2
3e
−2x4 , G˜34 = 0,
G˜44 = a
2
4,


B˜12 = x3, B˜13 = B˜14 = 0,
B˜23 = B˜24 = 0, B˜34 = 0,
(165)
H123 = 1, φ˜ = φ(t)− 1
2
ln a1(t). (166)
We see that in the dual background the antisymmetric tensor is nonzero. In this way, in order
to obtain the solutions of equations of motions (2-4) for this backgrounds, it is enough to use of
duality transformations. In the similar way one can obtain other dual backgrounds by consid-
ering isometry directions mentioned in the table 1 and using Buscher’s duality transformations
in these directions.
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